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Abstract
A four–index tensor is constructed with terms both quadratic in the Riemann
tensor and linear in its second derivatives, which has zero divergence for space–
times with vanishing scalar curvature. This tensor reduces in vacuum to the
Bel–Robinson tensor. Furthermore, the completely timelike component referred
to any observer is positive, and zero if and only if the space–time is flat (exclud-
ing some unphysical space–times). We also show that this tensor is the unique
that can be constructed with these properties. Such a tensor does not exist for
general gravitational fields. Finally, we study this tensor in several examples:
the Friedmann–Lemaˆıtre–Robertson–Walker space–times filled with radiation,
the plane–fronted gravitational waves, and the Vaidya radiating metric.
PACS Numbers: 04.20.-q, 04.20.Cv
I Introduction
The investigation of conservation laws in general relativity has a long history. From
its very beginning much of this research was based on pseudo–tensors instead of fully
covariant methods. The aim of many of these works was to find differential laws which,
once transformed into integral ones, were interpreted as energy balances in such a way
that expressions for the energy and momentum densities of the gravitational field could
be identified.
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The covariant approach to this problem is mainly based on the analogy of the
Bel–Robinson tensor [1] with the energy–momentum tensor of the electromagnetic
field (there are other approaches based on this analogy, see for instance [2]). The
Bel–Robinson tensor is conserved in vacuum, completely symmetric and traceless.
Moreover, the completely timelike component referred to any observer (described by
a timelike unit vector field) is non–negative, and its vanishing implies that the space–
time is conformally flat (flat in vacuum). This is a desirable positivity property for
any candidate to gravitational energy density. In spite of these good properties, the
Bel–Robinson tensor has dimensions of energy density square and this fact makes its
interpretation somewhat unclear. Nevertheless, it has revealed as a very useful tool
in many kinds of studies, which has led to some efforts in finding extensions of the
Bel–Robinson tensor for more general cases than vacuum. Therefore, the question
arises whether generalizations of the Bel–Robinson tensor exist for space–times not
necessarily empty.
The Bel tensor [3] was the first attempt on this problem. It is a tensor whose com-
pletely timelike component is positive and zero only when the space–time is Minkowski.
In vacuum, it reduces to the Bel–Robinson tensor, but in the general case it is no longer
conserved.
For general space–times, Sachs [4] found a divergence–free tensor that coincides
with the Bel–Robinson tensor in vacuum. Unfortunately, this tensor does not satisfy
any positivity property and it is neither completely symmetric nor traceless.
The systematic treatment of this problem was made by Collinson [5], who found all
four–index divergence–free tensors with terms either quadratic in the Riemann tensor
or linear in its second derivatives. The result found out is that any such tensor can
be derived from only one tensor, namely T αβλµ10 (see (17) in the appendix A), whose
divergence with respect to the first index vanishes. However, there is not enough
freedom to construct a tensor with its time component positive.
In this paper we show that, unlike the general case, for space–times with zero
scalar curvature (R = 0) it is possible to construct a unique generalization of the
Bel–Robinson tensor. We begin in Sect. 2 by proving that, when R = 0, there exists
another conserved tensor which cannot be derived from the Collinson one. In Sect. 3
we show that, demanding symmetry in the three free indices, there is not any other
tensor independent from these two. This new tensor allows us to construct (Sect. 4) a
divergence–free tensor which has the completely timelike component non–negative and
zero only when the space–time is flat (excluding some cases that, via Einstein’s field
equations, have an unphysical matter content). This tensor is completely symmetric
in its three last indices, but it is impossible to get a similar tensor symmetric in all
their indices. We remark that it is not possible to construct any other tensor with such
characteristics.
In order to illustrate this development, we study in Sect. 5 some examples in
which we can define this tensor, namely: the Friedmann–Lemaˆıtre–Robertson–Walker
(FLRW) models with a energy–momentum content of (incoherent) radiation (p = ̺/3),
the plane–fronted gravitational waves with parallel rays (pp waves), and the Vaidya
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radiating space–time.
Finally, we recall that for purely electromagnetic space–times, and supposing that
the Einstein field equations hold, Penrose and Rindler [6] also gave a generalization of
the Bel–Robinson tensor by using spinor methods. This tensor is conserved, completely
symmetric and traceless in its three last indices. In the appendix B we find its tensorial
expression and a new (up to our knowledge) positivity property.
II Deduction of the new conserved tensor for R = 0
Otherwise said, throughout this paper we will consider the metric tensor gαβ to have
signature (−,+,+,+). The convention for indices on the Riemann tensor that will be
used is defined through the Ricci identities:
(∇α∇β −∇β∇α) vλ = −Rσλαβvσ , (1)
where vα is an arbitrary 1–form. The Ricci tensor and the scalar curvature are defined
as usual: Rαβ ≡ Rσασβ and R ≡ Rσσ. We also recall the Riemann symmetries and the
first and second Bianchi identities:
Rαβλµ = R[αβ][λµ] = Rλµαβ ,
R[αβλ]µ = 0 ,
∇[νRαβ]λµ = 0 . (2)
The procedure we are going to use to find the conserved tensor starts from the
expression for the divergence of the Bel tensor [1]:
∇αT αβλµ = Rβ λρ σJµσρ +Rβ µρ σJλσρ −
1
2
gλµRβρσγJ
σγρ , (3)
where the Bel tensor T αβλµ and Jαβλ are defined as follows:
T αβλµ ≡ 1
2
(
RαρλσRβ µρ σ + ∗R∗αρλσ∗R∗β µρ σ + ∗Rαρλσ∗Rβ µρ σ +R∗αρλσR∗β µρ σ
)
,
Jλµβ ≡ ∇λRµβ −∇µRλβ = ∇σRµλβσ , (4)
being “∗” the usual dual operator acting over any pair of antisymmetric indices:
∗Rαβλµ ≡ 12ηαβσρRσρλµ , R∗αβλµ ≡ 12ηλµσρR σραβ ,
∗R∗αβλµ ≡ 14ηαβγδηλµσρRγδσρ ,
and ηαβλµ is the canonical volume 4–form. Our purpose now is to work out the right
hand side (r.h.s.) of equation (3) in order to convert it into a global divergence. To
that end, we will repeatedly integrate by parts and make use of equations (1,2).
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To begin with, the last term in equation (3) can be easily transformed into a
divergence, by means of the Ricci and Bianchi identities (1,2):
−1
2
gλµRβρσγJ
σγρ = −gλµ∇α∇ρJαρβ . (5)
Next we expand the leading terms of the r.h.s. of (3) by using the definition of Jαβλ
(4) and integrating by parts:
Rβ λρ σ∇µRσρ −∇α
(
RµρRβ λαρ
)
+Rµρ∇αRβ λαρ + [λ←→ µ] . (6)
The first term in the previous expression can be rewritten by means of the Ricci
identities (1) as follows:
Rβ λρ σ∇µRσρ =
(
∇λ∇σ −∇σ∇λ
)
∇µRσβ +
+
[
−∇α
(
Rµ λα σR
σβ
)
+Rσβ∇αRλ µσ α
]
+Rλσ∇µRσβ . (7)
Thus, we have converted the r.h.s. of equation (3) into a divergence plus the following
terms:
Rσβ∇αRλ µσ α +Rσλ∇µRβσ +Rµρ∇αRβ λαρ + [λ←→ µ] =
= Rσβ
(
∇σRλµ −∇λRµσ
)
+Rσλ∇µRβσ +Rµρ
(
∇ρRβλ −∇βRλρ
)
+ [λ←→ µ] . (8)
Now, taking into account the contracted Bianchi identities (∇µRµν = 12∇νR), these
terms can be transformed into the following expression:
−∇β
(
RλσR
σµ
)
+∇µ
(
RλσR
σβ
)
+∇λ
(
RµσR
σβ
)
− 2Rβσ
(
∇µRλσ +∇λRµσ
)
+
+∇σ
(
RβλRµσ +RβµRλρ + 2RβσRλµ
)
− 1
2
(
Rβλ∇µR +Rβµ∇λR + 2Rλµ∇βR
)
. (9)
The last three terms of this expression vanish when R is constant, so we are finally
left with −2Rβσ
(
∇µRλσ +∇λRµσ
)
. Nevertheless, notice that our final purpose is to
find a conserved tensor T ′′αβλµ whose completely timelike component referred to an
observer ~u, T ′′αβλµuαuβuλuµ, is positive, which means that we are only interested in
the symmetric part. Therefore, without lost of generality, we can symmetrize the
whole expression and, as a consequence, the remaining terms transform themselves
into a divergence:
−4Rσ(β∇λRµ)σ = −2∇(β
(
RλσR
µ)σ
)
. (10)
So, we have finally achieved a conserved tensor if the scalar curvature vanishes (in
fact, if it is constant). Collecting all the previous terms (5-10) we get the final result:
∇αT ′′αβλµ = −2R(βλ∇µ)R ,
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where we have defined
T ′′
αβλµ ≡ T α(βλµ) − 4Rα(βRλµ) + gα(βRλσRµ)σ −
− 2∇(β∇λRµ)α + 2∇(β∇|α|Rλµ) − 2∇α∇(βRλµ) −
− 2gα(β∇σ∇λRµ)σ −∇σ∇σRα(βgλµ) +∇σ∇αRσ(βgλµ) . (11)
It is a matter of checking that this tensor cannot be obtained from Collinson tensor
T αβλµ10 when it is restricted to the case R = 0. Now, we are left with the question of its
uniqueness.
III Uniqueness
In this section we will prove that, in the case we are concerned with (R = 0), it does not
exist any other conserved tensor, symmetric in its three last indices, independent from
T ′′αβλµ and the Collinson tensor, T αβλµ10 . The reasoning is the following. Suppose you
are given a tensor T ′′′αβλµ which is conserved when R = 0. The divergence computed
in the general case will be a combination of the following type (taking into account
symmetries and unit dimensions):
∇αT ′′′αβλµ = aR(βλ∇µ)R + bR∇(βRλµ) + cRσ(β∇σRgλµ) + dRg(βλ∇µ)R +
+e∇(β∇λ∇µ)R + f∇σ∇σ∇(βRgλµ) + h∇σ∇(β∇σRgλµ) + i∇(β∇|σ|∇σRgλµ) ,
a, b, c, d, e, f , h and i being constants. This can be immediately cast in the following
form:
∇αT ′′′αβλµ = (a− b)R(βλ∇µ)R +∇αταβλµ ,
where ταβλµ stands for:
ταβλµ ≡ bRgα(βRλµ) + c
(
RRα(βgλµ) − 1
4
gα(βgλµ)R2
)
+ d
1
2
g(βλgµ)αR2 +
+egα(β∇λ∇µ)R + fgασ∇σ∇(βRgλµ) + hgασ∇(β∇σRgλµ) + igα(β∇|σ|∇σRgλµ) ,
so clearly it is a tensor that vanishes when R does. That is, if a tensor of the kind
we are considering is divergence–free when R = 0, in the general case its divergence
should be a multiple of R(βλ∇µ)R plus the divergence of a tensor of the type ταβλµ. If
we had two such tensors, a suitable combination of them removing the term R(βλ∇µ)R
would give a conserved tensor for the general case and, therefore, due to the Collinson
result [5], it could be constructed from T αβλµ10 . Given that the tensor τ
αβλµ vanishes
when R = 0, the three tensors would not be independent in that case.
On the other hand, this reasoning shows that, from the very beginning, we were
able to know that in the R = 0 case at most one more conserved tensor could exist
apart from Collinson’s one, as finally has been the case.
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IV Positivity
As it has been pointed out above, in the general case all the conserved tensors can
be constructed from T αβλµ10 . This construction is based in two procedures. First, it is
clear that if we perform any permutation on the three last indices we will still have a
conserved tensor. Second, by taking the two traces T αβρ10 ρ, T
αρβ
10 ρ and multiplying them
by gλµ we obtain new conserved tensors. Actually, there is not any other two–index
divergence–free tensor independent from them. These two tensors can be taken to be
(as usually obtained by hamiltonian differentiation):
tαβ1 = 2∇α∇βR − 2gαβ∇µ∇µR +
1
2
gαβR2 − 2RRαβ ,
tαβ2 = 2∇σ∇αRσβ −∇σ∇σRαβ − 2RασRβσ +
1
2
RσρR
σρgαβ − 1
2
gαβ∇µ∇µR .
This is all the freedom we have in the general case.
In the R = 0 case, there exists only one two–index conserved tensor, which is that
obtained from tαβ2 . On the other hand, as we consider tensors which are symmetric
in the three last indices, from the Collinson tensor we will only have one independent
tensor (apart from the two–index tensor), namely T
α(βλµ)
10 or, equivalently, the Sachs
tensor T ′αβλµ [4] which is symmetric in its three last indices.
Therefore, to construct the super–energy tensor in the R = 0 case, we are led with
three tensors: i) the Sachs tensor T ′αβλµ (restricted to the R = 0 case):
T ′
αβλµ ≡ T α(βλµ) + 2RασR(βσ gλµ) −
1
3
gα(βRλσR
µ)σ − 1
2
RσρR
σρgα(βgλµ) +
+ 2∇(β∇λRµ)α − 2
3
∇(β∇|α|Rλµ) − 2
3
∇α∇(βRλµ) +
+
4
3
∇σ∇σR(βλgµ)α − 2gα(β∇σ∇λRµ)σ −∇σ∇αRσ(βgλµ) ,
ii) the two–index tensor tαβ :
tαβ = 2∇σ∇αRσβ −∇σ∇σRαβ − 2RασRβσ +
1
2
RσρR
σρgαβ ,
and iii) the tensor T ′′αβλµ previously found in (11).
Now, we have to combine these three tensors in such a way that any observer
measures a positive quantity. Moreover, we would like that this completely timelike
component vanishes if and only if the space–time is flat.
First of all, we have to take into account that terms made of derivatives of the
Ricci tensor do not have a definite sign, so it would be necessary to eliminate their
contributions. This aim can only be achieved by means of the following combination:
Aαβλµ ≡ 1
2
(
3T ′
αβλµ − T ′′αβλµ
)
+
5
2
tα(βgλµ) ,
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which more explicitly reads:
Aαβλµ = T α(βλµ) +
+ 2Rα(βRλµ) − 2RασR(βσ gλµ) − gα(βRλσRµ)σ +
1
2
RσρR
σρgα(βgλµ) +
+ 2∇(β∇λRµ)α − 2∇(β∇|α|Rλµ) + 3∇σ∇αRσ(βgλµ) −
− 2gα(β∇σ∇λRµ)σ + 2∇σ∇σR(βλgµ)α − 2∇σ∇σRα(βgλµ) . (12)
Since we have already exhausted all the freedom, we finally examine the completely
timelike component referred to any timelike unit vector ~u:
A (~u) ≡ Aαβλµuαuβuλuµ = Tαβλµuαuβuλuµ + 1
2
RσρR
σρ +
+ 2
(
Rαβu
αuβ
)2
+ 3
(
RασRβσ
)
uαuβ −
(
∇σ∇αRσβ
)
uαuβ . (13)
To check the positivity of A (~u) it is convenient to write out the last term of the previous
expression in the following form:
∇σ∇αRσβ = Cα βσρ Rσρ + 2RασRβσ −
1
2
gαβRσρR
σρ .
At this point, we introduce four spatial tensors, namely Eαβ(~u), Hαβ(~u), Mαβ(~u) and
Nαβ(~u), that (together with R) wholly characterize the Riemann tensor [7]. Their
definitions, properties and some useful formulae are given in the appendix A.
Introducing the previous definitions in (13) we obtain, after some calculations:
A (~u) = (Eσρ −Mσρ) (Eσρ −Mσρ) +HσρHσρ + 3NσρNσρ +
(
Rαβu
αuβ
)2
, (14)
which is a sum of square terms (all the tensors appearing here are spatial). Therefore
it is manifestly positive and its vanishing implies:
Hαβ = 0 , Nαβ = 0 ,
Rαβu
αuβ = 0 , Eαβ = Mαβ .
The previous expressions lead to Rαβu
α = 0 (see appendix A). This condition, when
considering the Einstein field equations, immediately drives to an unphysical energy–
momentum tensor. Hence, if we eliminate these unphysical space–times (for instance,
adding any energy condition), the vanishing of A (~u) finally implies the Minkowski
space–time.
V Some examples
In this section we are going to study the tensor Aαβλµ (12) in some space–times with
vanishing scalar curvature. In particular, we are going to consider the following ex-
amples: (i) the radiation FLRW cosmological models, (ii) the pp waves, and (iii) the
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Vaidya radiating metric. In examples (i) and (ii) we will give the expression for Aαβλµ
and its completely timelike component A(~u) (14) for an arbitrary observer ~u. In the
example (iii), for the sake of brevity we will give only the expression of A(~u), also for
an arbitrary observer.
In the first example we study the case of the FLRW models (see for instance [8])
with vanishing scalar curvature, the radiation models, whose energy–momentum tensor
(of perfect–fluid type) is given by the following expression (throughout this section we
will use units in which 8πG = c = 1)
Tαβ = ̺UαUβ + p hαβ , p =
1
3
̺ ,
where ~U is the fluid velocity (UαUα = −1), ̺ the energy density, p the pressure, and
hαβ = gαβ + UαUβ the orthogonal projector to the fluid velocity. The line element of
these conformally–flat models can be written as
ds2 = −dt2 + a2(t)
{
dχ2 + Σ2(ǫ, χ) (dθ2 + sin2 θdϕ2)
}
,
where Σ(ǫ, χ) is given by
Σ(ǫ, χ) =


sinχ if ǫ = 1 ,
χ if ǫ = 0 ,
sinhχ if ǫ = −1 .
The fluid velocity ~U , the scale factor a(t) and the energy density ̺(t) are
~U =
∂
∂t
, a2(t) = (t− to) [2A− ǫ(t− to)] , ̺(t) = 3A
2
a4(t)
,
respectively, and A and to are arbitrary constants.
After some straightforward calculations, and using the special properties of these
space–times, we arrive at the following expression for Aαβλµ
Aαβλµ =
4
3
̺2
{
UαUβUλUµ + UαU (βhλµ) +
5
3
hα(βUλUµ) +
1
3
hα(βhλµ)
}
. (15)
As we can see, it is proportional to the energy density squared. We can also check that
it is indeed divergence–free. Now, let us compute the completely timelike component
(14) of this tensor with respect to an arbitrary observer ~u. To that end, we decompose
~u in the next way
~u = γ(~U + ~v) , vαUα = 0 , v
αvα = v
2 ≥ 0 , γ ≡ (1− v2)−1/2 ,
where the case ~v = 0 corresponds to an observer comoving with the fluid (~u = ~U).
Then, from (14,15) we find that A(~u) is given by
A(~u) =
4
3
̺2γ4
{
1 +
8
3
v2 +
1
3
v4
}
.
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That is, it is function of ̺ and v only. Moreover, it increases monotonically as v
increases and its minimum corresponds to the case v = 0, in which the observer is
comoving with the fluid.
Now, we are going to study the tensor Aαβλµ in the case of the pp waves space–
times. The corresponding line element can be written in null coordinates {u, v, ζ, ζ¯} as
follows (see [8] for details)
ds2 = −2dudv + 2dζdζ¯ − 2Hdu2 ,
where H is an arbitrary function which does not depend on v [H = H(u, ζ, ζ¯)]. Using
the following Newman–Penrose basis {ℓ, k,m, m¯}
~ℓ =
∂
∂v
, ~k =
∂
∂u
−H ∂
∂v
, ~m =
∂
∂ζ
,
the Ricci and self–dual Weyl tensors are
Rαβ = 2Φℓαℓβ , Cˆαβλµ ≡ Cαβλµ + i
∗
Cαβλµ= 2Ψ4VαβVλµ , (16)
respectively. Where the quantities Φ, Ψ4 and Vαβ are given by
Φ ≡ H,ζζ¯ , Ψ4 = H,ζ¯ζ¯ , Vαβ ≡ 2ℓ[αmβ] .
From (16) we can see that the energy–momentum content can correspond with vacuum,
Einstein–Maxwell or pure radiation fields. Moreover, the Petrov type is N, being ~ℓ the
repeated principal direction of the Weyl tensor, which in fact is a constant vector field
(∇αℓβ = 0).
After some calculations, we have found that the Bel tensor T αβλµ and our tensor
Aαβλµ are
T αβλµ = 4(Φ2 +Ψ4Ψ¯4)ℓ
αℓβℓλℓµ ,
1
4
Aαβλµ = (3Φ2 +Ψ4Ψ¯4)ℓ
αℓβℓλℓµ + ℓαℓ(β∇λ∇µ)Φ− ℓ(βℓλ∇µ)∇αΦ
+
[
gα(βℓλℓµ) − ℓαℓ(βgλµ)
]
∇σ∇σΦ .
From this expression, the completely timelike component is given by
A(~u) = 4(3Φ2 +Ψ4Ψ¯4)(ℓ
αuα)
4 .
Then, the vanishing of A(~u) implies the Minkowski space–time.
Finally, we are going to consider the Vaidya radiating space–time (see for instance
[8]). For the sake of brevity we only give here the completely timelike component (14)
of the tensor Aαβλµ. The line element of this spherically symmetric metric can be
written as follows
ds2 = −2F 2(u, v)dudv + r2(u, v)(dθ2 + sin2 θdϕ2) ,
9
where
F 2(u, v) = f(u)
∂r
∂v
,
∂r
∂u
=
1
2
f(u)
(
2m(u)
r
− 1
)
.
Here, m(u) is the invariantly defined mass function. As is well–known, the Petrov type
of this metric is D. Then, taking the following Newman–Penrose adapted basis
~ℓ =
−1
F
∂
∂v
, ~k =
−1
F
∂
∂u
, ~m =
1√
2r
(
∂
∂θ
+
i
sin θ
∂
∂ϕ
)
,
where ~ℓ and ~k are aligned with the principal directions of the Weyl tensor, the Ricci
tensor is given by
Rαβ = 2Φℓαℓβ , Φ ≡ − m,u
r2r,u
.
And the only non–zero component of the Weyl tensor in this basis (see [8]) is
Ψ2 = − m(u)
r3(u, v)
,
which in this case is real.
In terms of these quantities, we have found the following expression for A(~u)
A(~u) = 2
[
Ψ2 + Φ(ℓ
αuα)
2
]2
+
+4Ψ22
[
36(ℓαuα)
2(kβuβ)
2 − 18(ℓαuα)(kβuβ) + 1
]
+ 10Φ2(ℓαuα)
4 ,
and again, taking into account that
2(ℓαuα)(k
βuβ) ≥ 1 =⇒ 36(ℓαuα)2(kβuβ)2 − 18(ℓαuα)(kβuβ) + 1 ≥ 1 ,
A(~u) vanishes if and only if the space–time is the Minkowski space–time. When we re-
strict ourselves to observers lying on the 2–planes generated by the principal directions
[2(ℓαuα)(k
βuβ) = 1], which are precisely the observers that minimize A(~u), the result
is
A(~u) = 2
[
Ψ2 + Φ(ℓ
αuα)
2
]2
+ 4Ψ22 + 10Φ
2(ℓαuα)
4 .
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A Useful definitions
We first write down the Collinson tensor [5]:
T αβλµ10 = 6Q
αβλµ
1 +Q
αβ(λµ)
2 +Q
αβ(λµ)
3 , (17)
where
Qαβλµ1 = R
λ
σR
βµασ +RβσR
µαλσ +∇µ∇σRασβλ −∇β∇σRαλµσ − gαβ∇ρ∇σRµσλρ ,
Qαβλµ2 = −4∇λ∇σRασβµ − 6∇µ∇σRαβλσ − 6gαµ∇σ∇λRσβ +
+6gαµ∇ρ∇σRσλβρ + 6∇µ∇λRαβ ,
Qαβλµ3 = −8gαλR µσρ γRργβσ + 8R λµσ ρRβσαρ + 8RµσRβσλα + 8R βµσ ρRλσαρ +
+2RµσR
βασλ + 2R µβσ ρR
λσαρ + 3gαβRµσR
λσ − gαβR µσρ γRργλσ ,
which is divergence-free in the index α and whose only symmetry on the indices β, λ
and µ is T
αβ[λµ]
10 − T αµ[βλ]10 = 0.
Next, in order to introduce other useful definitions, recall the well–known decom-
position of the Riemann tensor into its irreducible parts under the full Lorentz group:
Rαβλµ = Cαβλµ + Eαβλµ +Gαβλµ
where Cαβλµ is the Weyl tensor and
Eαβλµ ≡ 1
2
(
R˜αλgβµ − R˜αµgβλ + R˜βµgαλ − R˜βλgαµ
)
, R˜αβ ≡ Rαβ − 1
4
Rgαβ ,
Gαβλµ ≡ R
12
(gαλgβµ − gαµgβλ) ,
being R ≡ Rµµ the scalar curvature.
The electric and magnetic parts of the Weyl tensor associated to a timelike vector
field ~u are:
Eαλ(~u) ≡ Cαβλµuβuµ , Hαλ(~u) ≡ −
∗
Cαβλµ u
βuµ .
These tensors are spatial (orthogonal to ~u), symmetric and traceless, and they fully
determine the Weyl tensor.
We can proceed analogously with the tensor Eαβλµ and define (see [7] for a more
detailed study of these matters):
Mαλ(~u) ≡ Eαβλµuβuµ , Nαλ(~u) ≡ − ∗ Eαβλµuβuµ .
We give here some of their properties, since they are less known than the electric and
magnetic parts of the Weyl tensor:
Mαλ = Mλα, Mαλu
λ = 0, Mµµ = R˜µνu
µuν ,
Nαλ = −Nλα, Nαλuλ = 0, Nµµ = 0 .
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The tensor Mαλ has 6 independent components, while Nαλ has only 3. Actually, they
completely characterize the traceless Ricci tensor:
R˜αβ = −2Mαβ − 4 ∗Nσ(αuσuβ) +Mσσ (gαβ + 2uαuβ) .
From the previous definitions, it is clear that
Nαβ = Rαβu
αuβ = R = 0 =⇒ Rαβ = −2Mαβ ,
and this implies, in particular, that Rαβu
β = 0.
Let us finally give some formulae which is useful for the derivations of some expres-
sions in Sect. 4:
T αβλµuαuβuλuµ = EαβE
αβ +HαβHαβ +MαβM
αβ +NαβN
αβ +
R2
48
,(
R˜αρu
ρ
) (
R˜ασu
σ
)
= 2NσρN
σρ − (Mσσ )2 ,
R˜σρR˜
σρ = 4MσρM
σρ − 4NσρNσρ .
B Electromagnetic case
For space–times with an electromagnetic energy–momentum content, Penrose and
Rindler [6] gave the following modification of the Bel–Robinson tensor (see [6] for
the spinor notations and conventions):
tαβλµ = ΨABCDΨA′B′C′D′ −
−2γ∇CD′ϕAB∇C′DϕA′B′ + 6γ∇D(A′ϕ(AB∇C)|D′|ϕB′C′) , (18)
where ΨABCD and ϕAB are the Weyl and the electromagnetic spinors respectively, and
γ is the gravitational constant. This tensor is symmetric and traceless in the first three
indices and has zero covariant derivative with respect to the last one, provided that
the Einstein field equations hold:
∇µtαβλµ = 0 ,
tαβλµ = t(αβλ)µ , t
α
αλµ = 0 .
It is important to notice that the second part of this tensor is formed with (∇F )2 terms,
so it cannot be expressed by means of the Ricci tensor and its derivatives. Therefore
it is independent from the tensors considered above.
The tensorial expression for (18) is rather involved but, in this case, it is useful in
order to proof a positivity property. It should be noted here that in the final result
we have returned to the initial signature metric (−,+,+,+), and units such that
8πγ = c = 1. With these conventions:
tαβλµ =
1
4
Tαβλµ + 2∇(αF|σ|β∇λ)F σµ + 2∇(αF|σ|β∇σFλ)µ −
−1
2
∇(αF|σρ|∇βF σρgλ)µ +∇σFρ(α∇ρF σβgλ)µ − g(αβ∇σF ρλ)∇ρFσµ , (19)
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where Tαβλµ is the Bel–Robinson tensor and Fαβ is the electromagnetic tensor. From
this expression it is easily seen that (19) satisfies the following positivity property:
tαβλµu
αuβuλuµ ≥ 0 , ∀~u , uµuµ < 0 ,
tαβλµu
αuβuλuµ = 0⇐⇒
{ Tαβλµuαuβuλuµ = 0 ⇐⇒ Cαβλµ = 0 ,
F˙λµ ≡ uα∇αFλµ = 0 .
To prove this, let us introduce the orthogonal projector to ~u, hαβ ≡ gαβ + uαuβ. Then,
we compute tαβλµu
αuβuλuµ:
tαβλµu
αuβuλuµ =
1
4
Tαβλµuαuβuλuµ + 2uαuβF˙σαF˙ σβ +
1
2
(
F˙σρF˙
σρ
)
=
=
1
4
Tαβλµuαuβuλuµ +
(
hασF˙αβu
β
) (
hλσF˙
λµuµ
)
+
+
1
2
(
hασhβρF˙αβ
) (
hλσhµρF˙
λµ
)
≥ 0 ,
and the equality holds only when Cαβλµ = 0 and
hαλhβµF˙λµ = 0 , h
ασF˙αβu
β = 0⇐⇒ F˙αβ = 0 .
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